In this paper we obtain a new lower bound on the Erdős distinct distances problem in the plane over prime fields. More precisely, we show that for any set A ⊂ F 2 p with |A| ≤ p 7/6 and p ≡ 3 mod 4, the number of distinct distances determined by pairs of points in A satisfies |∆(A)| |A| . The main tools in our method are the energy of a set on a paraboloid due to Rudnev and Shkredov, a point-line incidence bound given by Stevens and de Zeeuw, and a lower bound on the number of distinct distances between a line and a set in F 2 p . The latter is the new feature that allows us to improve the previous bound due Stevens and de Zeeuw.
Introduction
The celebrated Erdős distinct distances problem asks for the minimum number of distinct distances determined by a set of n points in the plane over the real numbers. The breakthrough work of Guth and Katz [6] shows that a set of n points in R 2 determines at least Cn/ log(n) distinct distances. The same problem can be considered in the setting of finite fields.
Let F p be the prime field of order p. The "distance" formula between two points x = (x 1 , x 2 ) and y = (y 1 , y 2 ) in F While this is not a distance in the traditional sense, the definition above is a reasonable analog of the Euclidean distance in that it is invariant under orthogonal transformations.
For A ⊂ F 2 p , let ∆(A) = {||x − y|| : x, y ∈ A} and let |∆(A)| denote its size. It has been shown in a remarkable paper of Bourgain, Katz, and Tao [3] that if |A| = p α , 0 < α < 2, then we have |∆(A)| ≥ |A| 1 2 +ε , for some ε = ε(α) > 0.
This result has been quantified and improved over time. The recent work of Stevens and De Zeeuw [11] shows that |∆(A)| ≥ |A| 
under the condition |A| ≪ p For the case of large sets, Iosevich and Rudnev [5] 
The 4/3 threshold was extended to all (not necessarily prime) fields by Bennett, Hart, Iosevich, Pakianathan and Rudnev ([2] ). We refer the reader to [5, 7] for further details.
The main purpose of this paper is to improve the exponent 1 2
on the magnitude of ∆(A) when A is a relatively small set in F 2 p with p ≡ 3 mod 4. The main tools in our arguments are the energy of a set on a paraboloid due to Rudnev and Shkredov, a pointline incidence bound given by Stevens and de Zeeuw, and a lower bound on the number of distinct distances between a line and a set in F 2 p . The following is our main result. 
be the additive energy of the set Q, namely, the number of tuples (a, b, c, d) ∈ Q 4 such that a − b = c − d. Using Pach and Sharir's argument in [9] and Lemma 2.1, Rudnev and Shkredov [8] derived an upper bound of E(Q) as follows.
In the following theorem, we give a lower bound on the number of distinct distances between a set on a line and an arbitrary set in F 2 p . This will be a crucial step in the proof of Theorem 1.1. The precise statement is as follows. Theorem 2.3. Let l be a line in F 2 p , P 1 be a set of points on l, and P 2 be an arbitrary set in
. Then the number of distinct distances between P 1 and P 2 , denoted by |∆(P 1 , P 2 )|, satisfies
We will provide a detailed proof of Theorem 2.3 in Section 3. The following is a direct consequence from Theorem 2.3. 
The above corollary shows that the exponent 8/15 in (1) due to Stevens and De Zeeuw is improved when A contains many points on a line.
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1: Let ǫ > 0 be a parameter chosen at the end of the proof. Throughout the proof, we assume that that 
Now we assume that there is no line supporting more than |A| 7/15+ǫ points from A.
For any line l in We first start with counting the number of triples (z, x, y) ∈ A 3 such that ||z −x|| = ||z −y||,
It follows from the equation ||z − x|| = ||z − y|| that
This equation defines a line in F 2 p with the parameters
Let L be the set of these lines. It is clear that L can be a multi-set.
Let Q be the set of points of the form (x, y, x 2 + y 2 ) with (x, y) ∈ A. We have Q is a set on the paraboloid z = x 2 + y 2 and |Q| = |A|.
Notice that the number of triples (z, x, y) ∈ A 3 with the property ||z −x|| = ||z −y|| is equivalent to the number of incidences between lines in L and points in −2A :
For each line l in L, let f (l) be the size of l ∩ (−2A), and m(l) be the multiplicity of l. Let L 1 be the set of distinct lines in L.
Thus, we have
We now bound I 1 and I 2 as follows.
One can check that the size of L is bounded by |A| 2 , which implies that
Let L 2 be the set of distinct lines l in L 1 such that |A| 7 15
+ǫ .
To bound I 2 , we consider the following two cases:
We see that 
Now, for each t ∈ F p , let ν(t) denote the number of pairs (x, y) ∈ A 2 such that x − y = t. We have
By the Cauchy-Schwarz inequality,
x,y,z∈A: x−y =t= x−z
1.
Summing over t ∈ F p , we obtain t∈Fp ν 2 (t) ≤ |A|
x,y,z∈A:||x−y = x−z
By the Cauchy-Schwarz inequality and the above inequality, we get
Combining the above inequality with (5), we obtain
Case 2: Suppose In the next step, we are going to show that 
For each line l ∈ L 2 , let m ′ (l) be the number of distinct vectors (a − b, ||a|| − ||b||) with (a, b) ∈ A 2 such that (a − b, ||a|| − ||b||) is a vector of parameters of l.
It follows from (7) and (8) that there exists l ∈ L 2 such that
We now claim that 
, and the claim is proved.
Hence, it follows from the equation (9) that
By (6) .
To deduce the desirable result, we consier the common solutions (ǫ, δ) to the system of the following three inequalities:
By a direct computation, we can obtain the largest δ = 3 Distances between a set on a line and an arbitrary set in F 2 p
In this section, we will prove Theorem 2.3. We first start with an observation as follows: if
then we are done. So WLOG, we assume that
Hence, to prove Theorem 2.3, it is sufficient to show that
Since the distance function is preserved under translations and rotations, we can assume that the line is vertical passing through the origin, i.e. P 1 ⊂ {0} × F p . For the simplicity, we identify each point in P 1 with its second coordinate. The following lemma on a point-line incidence bound is known as a direct application of the Kővari-Sós-Turán theorem in [1] .
Lemma 3.1. Let P be a set of m points in F 2 p and L be a set of n lines in F 2 p . We have
For x ∈ P 1 and P 2 ⊂ F 2 p , we define
as the number of pairs of points in P 2 with the same distance to x ∈ P 1 . In the next lemma, we will give an upper bound for x∈P 1 E(P 2 , x). Proof. For x ∈ P 1 and λ ∈ F p , let r P 2 (x, λ) be the number of points (a, b) in P 2 such that a 2 + (b − x) 2 = λ. Then we have
|P 1 | 4/11 > 1, and let R t be the number of pairs (x, λ) ∈ P 1 ×F p such that r P 2 (x, λ) ≥ t.
Since (x,λ) ∈Rt r P 2 (x, λ) ≤ |P 1 ||P 2 | and r P 2 (x, λ) < t for any pair (x, λ) ∈ R t , we have
In the next step, we will bound II.
From the equation λ = a 2 + (b − x) 2 , we have
Let P be the set of points (b, a 2 + b 2 ) with (a, b) ∈ P 2 , and L be the set of lines defined by y = 2ux − u 2 + v with (u, v) ∈ R t . We have |L| = |R t | and |P | ∼ |P 2 |.
With these definitions, we observe that II can be viewed as the number of pairs of points in P on lines in L.
We partition L into at most log(|P |) sets of lines L i as follows:
and let II(L i ) denote the number of pairs of points in P on lines in L i .
For each i, we now consider the following cases:
. It follows from Lemma 3.1 that
. It follows from Lemma 2.1 that
This implies that
In this case, we have 
If 2 i t ≥ |P | 7/8 , then there is at least one line in L which has at least |P | 7/8 points from P , which follows that there exists (x, λ) ∈ R t such that the circle centered at (0, x) of radius λ contains at least |P | 7/8 ∼ |P 2 | 7/8 points from P 2 . This implies that
which contradicts to our assumption (11).
Thus, we can assume that 2 i t ≪ |P | 7/8 . With this condition, we have
where we have used the inequality (12) in the last step. This ends the proof of the theorem.
